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Abstract
Using field redefinitions and Bianchi identities on the general form of the effective
action for metric, B-field and dilaton, we have found that the minimum number of inde-
pendent couplings at order α′2 is 60. We write these couplings in two different schemes
in the string frame. In the first scheme, each coupling does not include terms with more
than two derivatives and it does not include structures R, Rµν , ∇µHµαβ , ∇µ∇µΦ. In
this scheme, 20 couplings which are the minimum number of couplings for metric and B-
field, include dilaton trivially as the overall factor of e−2Φ, and all other couplings include
derivatives of dilaton. In the second scheme, the dilaton appears in all 60 coupling only
as the overall factor of e−2Φ . In this scheme, 20 of the couplings are exactly the same as
those in the previous scheme.
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1 Introduction
String theory is a quantum theory of gravity with a finite number of massless fields and a tower
of infinite number of massive fields reflecting the stringy nature of the gravity. An efficient
way to study different phenomena in this theory is to use an effective action which includes
only massless fields and their derivatives [1, 2]. The effective action has a double expansions.
The genus expansion which includes the classical and a tower of quantum corrections, and the
stringy expansion which is an expansion in powers of the Regge slope parameter α′. The latter
expansion for metric yields the Einstein gravity and the stringy corrections which are quadratic
and higher orders in curvature. The main challenge thus is to explore different techniques
to find the effective action that incorporates all such corrections, including non-perturbative
effects [3]. In the bosonic and in the heterotic string theories, the higher derivative couplings
begin at order α′, whereas, in type II superstring theory, they begin at order α′3.
There are various techniques in the string theory for finding these higher derivative cou-
plings: S-matrix element approach [4, 5], sigma-model approach [6, 7, 8], supersymmetry
approach [9, 10, 11, 12], double field theory approach [13, 14, 15], and duality approach
[16, 17, 3, 18]. In the duality approach, the consistency of the effective actions with T- and
S-duality transformations are imposed to find the higher derivative couplings [3, 18]. In par-
ticular, it has been speculated in [19] that the consistency of the effective actions at any order
of α′ with the T-duality transformations may fix both the effective actions and the corrections
to the Buscher rules [20, 21]. It has been shown explicitly in [22] that the T-duality constraint
fixes the effective action and the corrections to the Buscher rules at order α′, up to an overall
factor.
In using the above techniques for finding the effective actions at the higher-derivative orders
in the string theory, one needs the most general gauge invariant and minimal independent
couplings at each order of α′. To find such couplings, one needs to impose various Bianchi
identities and use field redefinitions freedom [23, 24, 25]. In the literature, the Bianchi identities
are first imposed to find the minimum number of couplings at each order of α′, up to some
total derivative terms and field redefinitions. The parameters in the resulting action are then
either unambiguous which are not changed under field redefinition, or ambiguous which are
changed under the field redefinitions. Some combinations of the latter parameters, however,
remain invariant under the field redefinitions [26]. This allows one to separate the ambiguous
parameters to essential parameters which are fixed by e.g., S-matrix calculations [26, 27], and
some remaining arbitrary parameters. Depending on which set of parameters are chosen as
1
essential parameters, one has different schemes. To find the minimum number of independent
couplings, one sets all the arbitrary parameters to zero. This method has been used to find the
8 independent couplings for gravity, B-field and dilaton at order α′ in [26], the 7 independent
couplings for gravity and dilaton at order α′2 in [28, 29, 30, 31] and 20 independent couplings
for gravity and B-field at order α′2 in [32]3.
One may impose the Bianchi identities, remove the boundary terms and use the field redef-
inition freedom at the same time. That is, one may first write all gauge invariant couplings at
each order of α′ and then impose the above freedoms to reduce the couplings to the minimal cou-
plings. The parameters in the gauge invariant action are then either unambiguous or ambiguous
depending on whether or not they are changed under these freedoms. Some combinations of the
ambiguous parameters, however, remain invariant. This allows one to separate the ambiguous
parameters to essential parameters which may be found by S-matrix calculations, and some
arbitrary parameters. Again, depending on which set of parameters are choosing as essential
parameters, one has different schemes. The minimum number of independent couplings are
found in the schemes that all the arbitrary parameters are set to zero. We find that this latter
method is more convenient to find the independent couplings systematically, using the Mathe-
matica packages like ”xAct” [33]. In particular, to impose the Bianchi identities we write the
curvatures and the covariant derivatives in terms of metric and its derivatives. Then we choose
the local inertial frame in which the first derivative of metric is zero. In this frame the Bianchi
identities are all satisfied automatically. Using this method, we are going to find the minimal
independent couplings for gravity, dilaton and B-field at order α′2. We find that there are 60
parameters in the minimal couplings. We write them in two different schemes. Both schemes
have the same 20 couplings between gravity and B-field. In one scheme the other 40 couplings
include derivatives of dilaton, and in the other scheme the 40 couplings does not include the
derivative of the dilaton. The 20 common couplings in both schemes are the minimal couplings
when dilaton is constant.
The outline of the paper is as follows: In section 2, we write the most general gauge invariant
couplings involving, metric, dilaton and B-field at order α′. There are 41 such terms. Then we
add to them the most general boundary terms and field redefinitions with arbitrary parameters.
Writing them in the local inertial frame, we then use the arbitrary parameters in the total
derivative terms and in the field redefinitions to reduce the 41 couplings to 8 independent
couplings that are known in the literature. We write them in two different schemes. In one
scheme, there is no term in which fields have more than two derivatives and there is no term
involving R,Rµν ,∇µHµαβ , ∇µ∇µΦ. More specificity, we write the couplings into two separate
parts. One part which has 4 couplings, does not include derivatives of dilaton and it is the same
as the set of minimal couplings when dilaton is constant. The other part includes derivatives
of dilaton. In the second scheme, we again write the couplings into two parts, one part is
the same as the minimal couplings when dilaton is constant, and the other part includes some
3The authors in [32] reported that there are 21 independent couplings at order α′2. We think there should
be a typo in writing the number of independent H6 terms in [32]. They have written 8 independent terms with
structure H6, whereas, we have found that there are only 7 such terms. That indicates that there should be 20
independent couplings for gravity and B-field, .
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other couplings in which dilaton appears trivially. In section 3, we extend the calculations to
the order α′2. We found that the most general action at this order has 705 couplings, however,
adding the total derivative terms and field redefinitions to them with arbitrary parameters,
and writing the result in the local frame, we find that the arbitrary parameters can be used
to reduce the couplings to the minimum number of couplings which is 60. We write them in
two different schemes as in the section 2. Each scheme has 20 common couplings which are
the minimal couplings when dilaton is constant, and 40 other couplings. These couplings all
include derivatives of dilaton in one scheme, whereas, in the other scheme the dilaton appears
trivially.
2 Minimal couplings at order α′
The effective action of string theory has a double expansions. One expansion is the genus
expansion which includes the classical sphere-level and a tower of quantum effects. The other
one is a stringy expansion which is an expansion in terms of higher-derivative couplings. The
number of derivatives in each coupling can be accounted by the order of α′. The sphere-level
effective action has the following power series of α′ in the string frame:
Seff =
∞∑
n=0
α′nSn = S0 + α
′S1 + α
′2S2 + · · · ; Sn =
∫
dDx
√−ge−2ΦLn (1)
The effective action must be invariant under the coordinate transformations and under the
B-field gauge transformations. So the metric g, the antisymmetric B-field and dilaton must
appear in the Lagrangian Ln trough their field strengths and their covariant derivatives, e.g.,
the Lagrangian at the leading order of α′ is4:
L0 = R− 1
12
HαβγH
αβγ + 4∇αΦ∇αΦ (3)
The higher-derivative field redefinitions and Bianchi identity can not change the form of this
action.
Using the Bianchi identities, it has been shown in [26] that, up to some boundary terms,
the Lagrangian L1 has 20 couplings, each with an arbitrary parameter. 3 of these parameters
are unambiguous because they are not changed under field redefinitions, and all others are
ambiguous. The field redefinition freedom then has been used to show that only 5 couplings
among the ambiguous couplings are essential and all others are arbitrary. To find the minimal
4Throughout in this paper, we use the conventions
Rλµνρ = ∂νΓ
λ
µρ − · · · , Rµν = Rλµλρ
Hλµν = 3∂[λBµν], ∇µAλ = ∂µAλ + ΓλµνAν ,
T[µ1...µn] =
1
n!
(Tµ1...µn + · · · ). (2)
3
independent couplings, one sets the arbitrary parameters to zero [26]. In this section, we are
going to re-derive the 8 independent couplings by using a systematic method for using total
derivative terms, applying the field redefinitions and the Bianchi identities, that can easily be
extended to the higher order couplings.
Using the package “xAct“, one finds the most general gauge invariant Lagrangian at order
α′ has the following couplings:
L1 =B1RαβγδRαβγδ +B2RαγβδRαβγδ +B3RαβRαβ +B4R2 +B5∇β∇αRαβ +B6∇α∇αR
+B7R
αβ∇β∇αΦ +B8Rαβ∇αΦ∇βΦ +B9R∇α∇αΦ+B10R∇αΦ∇αΦ +B11∇αΦ∇βRαβ
+B12∇αΦ∇αR +B13∇β∇β∇α∇αΦ +B14∇β∇α∇β∇αΦ +B15∇α∇β∇βΦ∇αΦ
+B16∇αΦ∇β∇β∇αΦ +B17∇β∇αΦ∇β∇αΦ +B18∇α∇αΦ∇β∇βΦ
+B19∇αΦ∇β∇αΦ∇βΦ+B20∇αΦ∇αΦ∇β∇βΦ +B21∇αΦ∇αΦ∇βΦ∇βΦ
+B22Hα
δǫHαβγHβδ
ζHγǫζ +B23Hαβ
δHαβγHγ
ǫζHδǫζ +B24HαβγH
αβγHδǫζH
δǫζ
+B25H
αβγ∇δ∇δHαβγ +B26Hαβγ∇δ∇γHαβδ +B27Hαβγ∇γ∇δHαβδ +B28∇δHαβγ∇δHαβγ
+B29∇αHαβγ∇δHβγδ +B30∇γHαβδ∇δHαβγ +B31HαδǫHαβγRβγδǫ +B32HαδǫHαβγRβδγǫ
+B33Hα
γδHβγδR
αβ +B34HαβγH
αβγR +B35H
βγδ∇αHβγδ∇αΦ+B36Hβγδ∇αΦ∇δHαβγ
+B37Hα
βγ∇αΦ∇δHβγδ +B38HβγδHβγδ∇α∇αΦ+B39HαγδHβγδ∇β∇αΦ
+B40HβγδH
βγδ∇αΦ∇αΦ +B41HαγδHβγδ∇αΦ∇βΦ (4)
where B1, · · · , B41 are some parameters. The above couplings are not all independent. Some
of them are related by total derivative terms, some of them are related by field redefinitions,
and some others are related by various Bianchi identities.
To remove the total derivative terms from the above couplings, we consider the most general
total derivative terms at order α′ which has the following structure:
α′
∫
dDx
√−ge−2ΦJ1 = α′
∫
dDx
√−g∇α(e−2ΦJα1 ) (5)
where the vector Jα is all possible covariant and gauge invariant terms at three-derivative level,
i.e.,
Jα1 =J1∇βRαβ + J2∇αR + J3Rαβ∇βΦ+ J4R∇αΦ + J5∇β∇β∇αΦ + J6∇α∇β∇βΦ
+ J7∇β∇αΦ∇βΦ + J8∇αΦ∇β∇βΦ + J9∇αΦ∇βΦ∇βΦ + J10Hβγδ∇αHβγδ
+ J11H
βγδ∇δHαβγ + J12Hαβγ∇δHβγδ + J13HβγδHβγδ∇αΦ + J14HαγδHβγδ∇βΦ (6)
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where the coefficients J1, · · · , J14 are arbitrary parameters. Inserting this into (5), one finds
J1 =J1∇β∇αRαβ + J2∇α∇αR + J4R∇α∇αΦ + (−2J2 + J4)∇αΦ∇αR
+ (−2J10 + 2J13)Hβγδ∇αHβγδ∇αΦ− 2J13HβγδHβγδ∇αΦ∇αΦ− 2J4R∇αΦ∇αΦ
+ (−2J6 + J8)∇α∇β∇βΦ∇αΦ + (−2J1 + J3)∇αΦ∇βRαβ + J3Rαβ∇β∇αΦ
+ J8∇α∇αΦ∇β∇βΦ+ (−2J8 + J9)∇αΦ∇αΦ∇β∇βΦ+ (−2J5 + J7)∇αΦ∇β∇β∇αΦ
+ J6∇β∇β∇α∇αΦ− 2J14HαγδHβγδ∇αΦ∇βΦ− 2J3Rαβ∇αΦ∇βΦ− 2J9∇αΦ∇αΦ∇βΦ∇βΦ
+ (−2J7 + 2J9)∇αΦ∇β∇αΦ∇βΦ+ J14HαγδHβγδ∇β∇αΦ + J7∇β∇αΦ∇β∇αΦ
+ J12H
αβγ∇γ∇δHαβδ + (−2J11 + J14)Hβγδ∇αΦ∇δHαβγ + J12∇αHαβγ∇δHβγδ
+ (−2J12 + J14)Hαβγ∇αΦ∇δHβγδ + J11Hαβγ∇δ∇γHαβδ + J10Hαβγ∇δ∇δHαβγ (7)
+ J11∇γHαβδ∇δHαβγ + J10∇δHαβγ∇δHαβγ + J13HβγδHβγδ∇α∇αΦ+ J5∇β∇α∇β∇αΦ
One is free to add J1 to L1 and choose the parameters J1, · · · , J14 to reduce the couplings in
(4).
The couplings in J1 + L1, however, are in a fixed field variables. One is free to change the
field variables as
gµν → gµν + α′δg(1)µν
Bµν → Bµν + α′δB(1)µν
Φ → Φ + α′δΦ(1) (8)
where the tensors δg
(1)
µν , δB
(1)
µν and δΦ(1) are all possible covariant and gauge invariant terms at
two-derivative level, i.e.,
δg(1)µν =a1Rµν + a2Hµ
αβHναβ + a3∇ν∇µΦ + a4∇µΦ∇νΦ+ gµν
(
a5R + a6HαβγH
αβγ
+ a7∇α∇αΦ+ a8∇αΦ∇αΦ
)
δB(1)µν =a9∇αHµνα + a10Hµνα∇αΦ
δΦ(1) =a11R + a12HαβγH
αβγ + a13∇α∇αΦ + a14∇αΦ∇αΦ (9)
The coefficients a1, · · · , a14 are arbitrary parameters. When the field variables in
√−ge−2Φ(J1+
L1) are changed according to the above field redefinitions, they produce some couplings at order
α′2 in which we are not interested in this section. However, when the field variables in S0 are
changed, up to some total derivative terms, the following couplings at order α′ are produced:
δS0 =
δS0
δgαβ
δg
(1)
αβ +
δS0
δBαβ
δB
(1)
αβ +
δS0
δΦ
δΦ(1) ≡
∫
dDx
√−ge−2ΦK1
=
∫
dDx
√−ge−2Φ
[
(1
2
∇γHαβγ −Hαβγ∇γΦ)δB(1)αβ − (Rαβ − 14HαγδHβγδ + 2∇β∇αΦ)δg
(1)
αβ
− 2(R− 1
12
HαβγH
αβγ + 4∇α∇αΦ− 4∇αΦ∇αΦ)(δΦ(1) − 1
4
δg(1)µµ)
]
(10)
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Replacing (9) into (10), one finds
K1 =− a1RαβRαβ + 12
(
a1 − 4a11 + a5(−2 +D)
)
R2 + 1
4
a2Hαβ
δHαβγHγ
ǫζHδǫζ
+ 1
24
(
4a12 − a2 − a6(−6 +D)
)
HαβγH
αβγHδǫζH
δǫζ + 1
4
(a1 − 4a2)HαγδHβγδRαβ
+ 1
24
(−a1 + 4a11 − 48a12 + 12a2 + 6a5 − 24a6 − a5D + 12a6D)HαβγHαβγR
+ 1
24
(−192a12 + 4a13 + 48a2 − a3 − 48a6 + 6a7 + 48a6D − a7D)HβγδHβγδ∇α∇αΦ
+ 1
2
(4a1 − 16a11 − 4a13 + a3 − 4a5 − 2a7 + 4a5D + a7D)R∇α∇αΦ
+ 1
24
(192a12 + 4a14 − 48a2 − a4 + 6a8 − 48a6D − a8D)HβγδHβγδ∇αΦ∇αΦ
+ 1
2
(−4a1 + 16a11 − 4a14 + a4 − 2a8 − 4a5D + a8D)R∇αΦ∇αΦ + (−2a1 − a3)Rαβ∇β∇αΦ
+ 2
(−4a13 + a3 + a7(−1 +D))∇α∇αΦ∇β∇βΦ+ 14(−4a10 + a4)HαγδHβγδ∇αΦ∇βΦ
+ 2(4a13 − 4a14 − a3 + a4 − a8 − a7D + a8D)∇αΦ∇αΦ∇β∇βΦ− a4Rαβ∇αΦ∇βΦ
+
(
8a14 − 2(a4 + a8D)
)∇αΦ∇αΦ∇βΦ∇βΦ− 2a4∇αΦ∇β∇αΦ∇βΦ
+ 1
4
(−8a2 + a3)HαγδHβγδ∇β∇αΦ− 2a3∇β∇αΦ∇β∇αΦ
+ 1
2
a9∇αHαβγ∇δHβγδ + 12(a10 − 2a9)Hαβγ∇αΦ∇δHβγδ (11)
where D is the number of spacetime dimensions.
Not all arbitrary parameters a1, · · · , a14 produce non-zero K1. For some relations between
the parameters, one finds the field redefinition (8) is the general coordinate transformation
which obviously leaves K1 invariant up to some boundary term. In fact under the coordinate
transformation xµ → xµ + εµ = xµ + a∇µΦ, one has the following transformations for fields:
δgµν = ∇µεν +∇νεµ = 2a∇µ∇νΦ
δΦ = εµ∇µΦ = a∇µΦ∇µΦ (12)
δBµν = ε
γHγµν = aHαµν∇αΦ
Hence, if a3 = 2a10 and a14 = a10, the corresponding field redefinitions in (9) is a coordinate
transformation which leaves K1 invariant, up to some boundary term. For some other relations
between the parameters, K1 may still be invariant, however, the corresponding transformation
is not the coordinate transformation. If one removes the parameters that leave K1 invariant,
then the remaining parameters all would be fixed after using the field redefinitions. On the other
hand, if one keeps all parameters a1, · · · , a14, then some of the parameters remain arbitrary
after using the field redefinitions. We use this latter method and work with all parameters
a1, · · · , a14.
One is free to add K1 to L1 + J1 and choose the parameters J1, · · · , J14 and a1, · · · , a14
to reduce the couplings in (4). The Bianchi identities and the commutation relation of the
covariant derivatives, however, are not yet used in L1 + J1 +K1. They are
Rα[βγδ] = 0,
∇[µRαβ]γδ = 0, (13)
∇[µHαβγ] = 0,
[∇,∇]O = RO
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They can further reduce the independent couplings in (4). The above identities may be con-
tracted with tensors R,H,∇Φ and their derivatives with arbitrary parameters and then add
them to L1+J1+K1. By manipulating the arbitrary parameters, one may find the independent
couplings in (4). Instead of imposing the identities (13) with arbitrary parameters, we use the
locally inertial frame in which the above identities are almost automatically satisfied.
In the locally inertial frame, the metric gαβ takes its canonical form and its first derivatives
are all vanish, i.e.,
gαβ = ηαβ, ∂µgαβ = 0
The second and higher derivatives of metric, however, are non-zero. In this coordinate, by
rewriting the covariant derivative in terms of partial derivatives, one finds, except the Bianchi
identity dH = 0, all other identities in (13) are satisfied. To satisfy the Bianchi identity dH = 0
as well, in the couplings which involve derivatives of H , we rewrite H in terms of B-field, i.e.,
Hµνα = ∂µBνα + ∂αBµν + ∂νBαµ. When writing the couplings L1 +J1 +K1 in this local frame,
then all resulting terms in L1 + J1 +K1 become independent. Using the arbitrary parameters
J1, · · · , J14 and a1, · · · , a14, one may find the couplings in many different schemes.
To clarify this point, one may write the final form of the couplings as L′1 which is the same
as the couplings (4) with different parameters B′1, · · · , B′41. Then writing
L′1 − L1 = J1 +K1 (14)
in the local frame, one finds some relations between the arbitrary parameters J1, · · · , J14,
a1, · · · , a14 and δB1, · · · , δB41 where δBi = B′i − Bi. These are very lengthy expressions that
we do not write them here explicitly. There are two parameters a10, a8 in these relations which
remain unfixed.
The equation (14) produces the following 8 relations between only δB1, · · · , δB41 as well:
δB22 = 0
2δB1 + δB2 = 0 (15)
16δB4 − 8δB9 − 4δB10 + 4δB18 + 2δB20 + δB21 = 0
6δB25 + 2δB26 − 6δB28 − 2δB30 − 2δB31 − δB32 = 0
δB3 + 16δB23 + 12δB25 + 4δB26 − 12δB28 − 4δB30 + 4δB33 = 0
2δB14 + δB16 − δB17 + 16δB29 − 4δB3 + 8δB37 + 4δB41 + 2δB7 + δB8 = 0
10δB10 − 4δB11 − 8δB12 + 8δB13 + 4δB14 + 4δB15 + 2δB16 − 8δB18 + δB19 − 2δB20
− 96δB34 + 48δB38 − 80δB4 + 24δB40 − 8δB5 − 16δB6 − 2δB8 + 28δB9 = 0
5δB11 + 10δB12 − 4δB13 − 4δB14 − 2δB15 − 2δB16 + 2δB17 + 2δB18 + 288δB24 + 24δB25
+ 8δB26 + 12δB3 + 8δB33 + 120δB34 + 12δB35 + 4δB36 − 24δB38 − 4δB39 + 50δB4 + 10δB5
+ 20δB6 − 5δB7 − 10δB9 = 0
The first relation, δB22 = 0, indicates that the parameter B
′
22 = B22 is not changed by the
field redefinition, by adding total derivative term or by using the Bianchi identities. It is an
unambiguous parameter. All other relations indicate that the other parameters are ambiguous
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parameters because they are changed by the field redefinition, by total derivative term or by
the Bianchi identities.
To find the minimum number of couplings in L′1, one may choose 33 parameters in L′1 to
be zero. These parameters, however, should change the 8 equations in (15) to 8 equations
δBi = fi(B1, · · · , B41) where i is 8 numbers among 1, · · · , 41 depending on the scheme that one
uses for the terms in L′1 to be zero. It is obvious that one of them is i = 22 for which f22 = 0. If
one chooses B′2 = 0, then the second equation above indicates that δB1 = B2/2. Alternatively,
if one chooses B′1 = 0, then the second equation becomes δB2 = 2B1. Similarly for all other
equations which have many different schemes. In any scheme, the non-zero parameters in L′1
are B′i = Bi + fi(B1, · · · , B41).
We choose a set of zero parameters in L′1 to be those that their corresponding couplings have
terms with more than two derivatives or have R,Rµν , ∇µHµαβ, ∇µ∇µΦ. There are, however, 24
such parameters. One may set to zero the other 9 parameters in L′1 such that the remaining non-
zero parameters becomes the one considered in [26], i.e., B′1, B
′
21, B
′
22, B
′
23, B
′
24, B
′
31, B
′
40, B
′
41.
However, we choose two other schemes. In one scheme, we write the couplings as the
following:
L′1 = L11 + L21 (16)
where L11 includes the minimum number of couplings which do not include the dilaton, i.e.,
L11 = B1RαγβδRαβγδ +B2HαδǫHαβγHβδζHγǫζ
+B3Hαβ
δHαβγHγ
ǫζHδǫζ +B4Hα
δǫHαβγRβδγǫ (17)
and L21 includes the other couplings which all include non-tivially the dilaton, i.e.,
L21 = B5HβγδHβγδ∇αΦ∇αΦ +B6HαγδHβγδ∇αΦ∇βΦ
+B7Hα
γδHβγδ∇β∇αΦ +B8∇αΦ∇αΦ∇βΦ∇βΦ (18)
where we have also dropped the prime on the coefficients and relabelled then from 1 to 8. The
reason for the couplings in (17) to be the minimum number of couplings which do not include
the dilaton, is that when one sets the dilaton to be constant, there are only 4 relations between
δBs.
In the other scheme, we write the couplings as the following:
L′1 = L11 + L31 (19)
where L11 is the same as in (17), and L31 includes 4 couplings other than those appear in L11 in
which the dilaton do not appear, i.e.,
L31 =B5R2 +B6HαβγHαβγR +B7∇αHαβγ∇δHβγδ +B8HαβγHαβγHδǫζHδǫζ (20)
The 8 parameters in (16) or (19) have been fixed by comparison with the three- and four-point
string amplitudes [26]. They have been also fixed, up to an overall factor, by the T-duality
constraint [22]. Only the parameters in L11 are non-zero!
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The parameters in the field redefinitions δg
(1)
αβ , δB
(1)
αβ and δΦ
(1) that change the action (4)
to (16) or (19), are functions of δB1, · · · , δB41 and a10, a8. In the above schemes, δBi =
fi(B1, · · · , B41) where i is 8 numbers among 1, · · · , 41, and all others are δBj = −Bj . The
parameter a10 produces coordinate transformations in which we are not interested, and param-
eters a8 produces the transformation that leaves K1 invariant. We will discuss more about this
term in the next section.
3 Minimal couplings at order α′2
In this section we extend the calculations in the previous section to the order α′2. We begin by
writing all possible covariant and gauge invariant couplings at six-derivative order, i.e.,
L2 =C1RαǫγζRαβγδRβζδǫ + C2RαβǫζRαβγδRγǫδζ + C3HαγδHγǫζRβǫδζ∇β∇αΦ+ · · · (21)
There are 705 such couplings, however, they are not independent. To remove the total derivative
terms from the above couplings, we consider the most general total derivative terms at order
α′2 which has the following structure:
α′2
∫
dDx
√−ge−2ΦJ2 = α′2
∫
dDx
√−g∇α(e−2ΦJα2 ) (22)
where the vector Jα2 is all possible covariant and gauge invariant terms at five-derivative level,
i.e.,
Jα2 =J1∇αΦR2 + J2HαµνHβµν∇βΦR + · · · (23)
There are 315 such terms with arbitrary parameters. The corresponding J2 has 641 terms.
Now we consider the field redefinitions at order α′2. Under the field redefinitions
gµν → gµν + α′δg(1)µν + α′2δg(2)µν
Bµν → Bµν + α′δB(1)µν + α′2δB(2)µν
Φ → Φ+ α′δΦ(1) + α′2δΦ(2) (24)
where the deformations at orders α′ and α′2 are arbitrary, the actions S0 and S1 produces the
following contributions at order α′2, up to some total derivative terms:
δS0 + δS1 =
δS0
δgαβ
δg
(2)
αβ +
δS0
δBαβ
δB
(2)
αβ +
δS0
δΦ
δΦ(2) +
δS1
δgαβ
δg
(1)
αβ +
δS1
δBαβ
δB
(1)
αβ +
δS1
δΦ
δΦ(1)
+S0(δg
(1), δg(1)) + S0(δg
(1), δB(1)) + S0(δg
(1), δΦ(1))
+S0(δB
(1), δB(1)) + S0(δB
(1), δΦ(1)) + S0(δΦ
(1), δΦ(1)) (25)
where S0(δg
(1), δg(1)) which includes δg(1)δg(1)-terms, is resulted from replacing the transforma-
tion g → g + α′δg(1), B → B + α′δB(1) and Φ → Φ + α′δΦ(1) into S0. Similarly for all other
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terms in the second and the third line above. Up to some total derivative terms, one may write
S0(δg
(1), δg(1)) = (· · · )δg(1). Similarly for other terms in (25). As a result, one may rewrite the
above equation as
δS0 + δS1 =
δS0
δgαβ
δg
(2)
αβ +
δS0
δBαβ
δB
(2)
αβ +
δS0
δΦ
δΦ(2)
+ (
δS1
δgαβ
+ · · · )δg(1)αβ + (
δS1
δBαβ
+ · · · )δB(1)αβ + (
δS1
δΦ
+ · · · )δΦ(1) (26)
However, in the previous section, we have adjusted δg
(1)
αβ , δB
(1)
αβ and δΦ
(1) so as to obtain the
action S1 with fixed parameters. All parameters in (9) are fixed except the two parameters
a10, a8. The parameter a10 which produces the coordinate transformation should not be in-
cluded in the field redefinitions, and the parameter a8 which leave K1 invariant but is not
corresponding to the coordinate transformation may be included in the field redefinition. We
call the corresponding field deformations δgˆ
(1)
αβ , δBˆ
(1)
αβ and δΦˆ
(1). In fact the equation K1 = 0
has the following solution:
a1 = a2 = a4 = a9 = a10 = 0
− 4a5 = 48a6 = −a7 = − 16
D − 2a11 =
192
D − 6a12 = −
4
D − 1a13 =
4
D
a14 = a8
The corresponding field deformations are
δgˆ(1)µν =− a8gµν
(1
4
R− 1
48
HαβγH
αβγ +∇α∇αΦ−∇αΦ∇αΦ
)
δBˆ(1)µν =0 (27)
δΦˆ(1) =− a8
4
(D − 2
4
R− D − 6
48
HαβγH
αβγ + (D − 1)∇α∇αΦ−D∇αΦ∇αΦ
)
Since we have already fixed the field redefinitions at order α′ to choose the schemes (16) or
(19), one should consider only the above residual deformations in (26).
Up to some total derivative terms, (27) can be written as∫
dDx
√−ge−2Φδgˆ(1)µν =
1
8
a8gµν
δS0
δΦ
δBˆ(1)µν =0 (28)∫
dDx
√−ge−2ΦδΦˆ(1) =D
8
a8
δS0
δΦ
− 1
8
a8gµν
δS0
δgµν
Replacing it into (26), one can rewrite (26) as
δS0 + δS1 =
δS0
δgαβ
δg
′(2)
αβ +
δS0
δBαβ
δB
(2)
αβ +
δS0
δΦ
δΦ′(2) ≡
∫
dDx
√−ge−2ΦK2
=
∫
dDx
√−ge−2Φ
[
(1
2
∇γHαβγ −Hαβγ∇γΦ)δB(2)αβ − (Rαβ − 14HαγδHβγδ + 2∇β∇αΦ)δg
′(2)
αβ
− 2(R− 1
12
HαβγH
αβγ + 4∇α∇αΦ− 4∇αΦ∇αΦ)(δΦ′(2) − 1
4
δg′(2)µµ)
]
(29)
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where the deformations δg
′(2)
αβ , δΦ
′(2) and δg
(2)
αβ , δΦ
(2) have different parameters, however, since
we have not yet fixed the parameters in δg
(2)
αβ , δΦ
(2), we consider the field redefinitions
gµν → gµν + α′δg(1)µν + α′2δg′(2)µν
Bµν → Bµν + α′δB(1)µν + α′2δB(2)µν
Φ → Φ+ α′δΦ(1) + α′2δΦ′(2) (30)
in which the deformations at order α′ are all already fixed to find the action (16) or (19), and
the deformations at order α′2 are yet arbitrary.
The most general deformations at order α′2 are:
δΦ′(2) =b1Hα
δǫHαβγHβδ
ζHγǫζ + b2Hαβ
δHαβγHγ
ǫζHδǫζ + · · ·
δB(2)µν =c1Rµνβγ∇αHαβγ + c2HβγδHµνα∇αHβγδ + · · ·
δg′(2)µν =d1HγδǫH
γδǫHµ
αβHναβ + d2Hβ
δǫHγδǫHµ
αβHνα
γ + · · · (31)
where b1, · · · , b41, c1, · · · c81 and d1, · · · , d121 are arbitrary parameters.
To find the independent couplings, we write the final form of the couplings as L′2 which is
the same as the couplings (21) with different parameters C ′1, · · · , C ′705. Then writing
L′2 − L2 = J2 +K2 (32)
in the local frame, one finds some relations between the arbitrary parameters of L2, K2 and
δC1, · · · , δC705 in which we are not interested, and also 60 relations between only δC1, · · · , δC705
in which we are interested. Note that these relations are independent of the form of the fixed
action at order α′, whether it is minimal action or not (see [30] for the case that B-field is zero).
To find the minimum number of couplings in L′2, one may choose 645 parameters in L′2 to
be zero. These parameters, however, should change the 60 equations among δC1, · · · , δC705 to
60 equations δCi = gi(C1, · · · , C705) where i is 60 numbers among 1, · · · , 705 depending on the
scheme that one uses for the terms in L′2 to be zero. As in the previous section we choose two
schemes.
In one scheme, we choose a set of zero parameters in L′2 to be those that their corresponding
couplings have terms with more than two derivatives or have R,Rµν , ∇µHµαβ , ∇µ∇µΦ. There
are 543 such couplings. We have found that it is consistent to set these parameters to zero, i.e.,
after setting these parameters to zero, there are still 60 equations between the reaming δCs.
There are still different schemes for choosing the remaining 102 parameters in L′2 to be zero.
We choose the scheme in which the minimum number of couplings in L′2 to be:
L′2 = L12 + L22 (33)
where L12 has the minimum number of couplings in which the dilaton does not appear, i.e.,
L12 = C1RαǫγζRαβγδRβζδǫ + C2RαβǫζRαβγδRγǫδζ + C3HαδǫHαβγHβδζHγικHǫιµHζκµ
+C4Hαβ
δHαβγHγ
ǫζHδ
ικHǫζ
µHικµ + C5Hαβ
δHαβγHγ
ǫζHδǫ
ιHζ
κµHικµ
+C6Hα
δǫHαβγHβ
ζιHδζ
κRγǫικ + C7Hα
δǫHαβγRβ
ζ
δ
ιRγζǫι + C8Hαβ
δHαβγHǫζ
κHǫζιRγιδκ
+C9H
αβγHδǫζRαβδ
ιRγιǫζ + C10Hα
δǫHαβγRβ
ζ
δ
ιRγιǫζ + C11Hα
δǫHαβγRβ
ζ
γ
ιRδζǫι
+C12Hαβ
δHαβγRγ
ǫζιRδζǫι + C13Hαβ
δHαβγHγ
ǫζHǫ
ικRδιζκ + C14Hα
δǫHαβγHβδ
ζHγ
ικRǫιζκ
+C15Hαβ
δHαβγHγ
ǫζHδ
ικRǫιζκ + C16Hα
δǫHαβγ∇ιHδǫζ∇ιHβγζ
+C17Hα
δǫHαβγ∇ζHγǫι∇ιHβδζ + C18HαδǫHαβγ∇ιHγǫζ∇ιHβδζ
+C19Hαβ
δHαβγ∇ζHδǫι∇ιHγǫζ + C20HαβδHαβγ∇ιHδǫζ∇ιHγǫζ (34)
and L22 has the other couplings which all include derivatives of the dilaton, i.e.,
L22 = C21HβǫζHβγδHγǫιHδζι∇αΦ∇αΦ + C22RβγδǫRβγδǫ∇αΦ∇αΦ + C23HβǫζHβγδRγǫδζ∇αΦ∇αΦ
+C24Hα
γδHβ
ǫζHγǫ
ιHδζι∇αΦ∇βΦ+ C25RαγδǫRβδγǫ∇αΦ∇βΦ
+C26Hα
γδHβ
ǫζRγǫδζ∇αΦ∇βΦ+ C27HγδǫHγδǫ∇αΦ∇β∇αΦ∇βΦ
+C28Hα
γδHβ
ǫζHγǫ
ιHδζι∇β∇αΦ + C29HαγδHβǫζHγδιHǫζι∇β∇αΦ
+C30Hα
γδHβγ
ǫHδ
ζιHǫζι∇β∇αΦ + C31HγδζHγδǫRαǫβζ∇β∇αΦ+ C32RαγδǫRβδγǫ∇β∇αΦ
+C33Hα
γδHγ
ǫζRβǫδζ∇β∇αΦ + C34HαγδHβǫζRγǫδζ∇β∇αΦ + C35Hαδǫ∇αΦ∇βΦ∇γHβδǫ∇γΦ
+C36∇αΦ∇αΦ∇βΦ∇βΦ∇γΦ∇γΦ + C37∇αΦ∇αΦ∇βΦ∇γ∇βΦ∇γΦ
+C38Hβ
δǫHγδǫ∇αΦ∇βΦ∇γ∇αΦ + C39HβδǫHγδǫ∇β∇αΦ∇γ∇αΦ
+C40∇αΦ∇βΦ∇γ∇βΦ∇γ∇αΦ + C41∇β∇αΦ∇γ∇βΦ∇γ∇αΦ
+C42Hβ
δǫHγδǫ∇αΦ∇αΦ∇γ∇βΦ + C43Hαδǫ∇αΦ∇γHβδǫ∇γ∇βΦ
+C44∇αΦ∇αΦ∇γ∇βΦ∇γ∇βΦ + C45HαγǫHβδǫ∇αΦ∇βΦ∇δ∇γΦ
+C46Rαγβδ∇αΦ∇βΦ∇δ∇γΦ + C47HαγǫHβδǫ∇β∇αΦ∇δ∇γΦ + C48Rαγβδ∇β∇αΦ∇δ∇γΦ
+C49Hβ
δǫ∇αΦ∇γ∇βΦ∇ǫHαγδ + C50Hγδǫ∇αΦ∇β∇αΦ∇ǫHβγδ
+C51∇αΦ∇βΦ∇δHβγǫ∇ǫHαγδ + C52∇β∇αΦ∇δHβγǫ∇ǫHαγδ
+C53∇αΦ∇βΦ∇ǫHβγδ∇ǫHαγδ + C54∇β∇αΦ∇ǫHβγδ∇ǫHαγδ
+C55∇αΦ∇αΦ∇ǫHβγδ∇ǫHβγδ + C56HαβγRγζδǫ∇αΦ∇ζHβδǫ
+C57Hβγ
ǫHβγδHδ
ζι∇αΦ∇ιHαǫζ + C58HαβγHδǫιHδǫζ∇αΦ∇ιHβγζ
+C59Hα
βγHβ
δǫHδ
ζι∇αΦ∇ιHγǫζ + C60HαβγHβδǫHγζι∇αΦ∇ιHδǫζ (35)
We have also dropped the prime on the parameters and relabelled them from 1 to 60. We
have found the minimum number of couplings which have no dilaton, i.e., L12, by solving the
equation (32) for constant dilaton which produces 20 relations between δCs.
In the second scheme, we are going to write all 60 couplings such that there is no dilaton
in any of them. We have found that there are many such schemes. We choose the following
scheme:
L′2 = L12 + L32 (36)
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where L12 is the same as (34) and L32 contains the following 40 couplings:
L32=C21HαβγHαβγHδǫιHδǫζHζκµHικµ + C22HαβγHαβγHδǫζHδǫζHικµH ικµ
+C23Hα
γδHβ
ǫζHγǫ
ιHδζιR
αβ + C24Hα
γδHβγδHǫζιH
ǫζιRαβ + C25Rα
γRαβRβγ
+C26Hα
δǫHαβγHβδ
ζHγǫζR + C27Hαβ
δHαβγHγ
ǫζHδǫζR + C28HαβγH
αβγHδǫζH
δǫζR
+C29RαβR
αβR + C30HαβγH
αβγR2 + C31R
3 + C32RRαγβδR
αβγδ + C33Hα
δǫHαβγRRβδγǫ
+C34HαβγH
αβγRδζǫιR
δǫζι + C35HαβγH
αβγHδ
ικHδǫζRǫιζκ + C36H
γδǫRαβ∇β∇ǫHαγδ
+C37Hα
γδRαβ∇β∇ǫHγδǫ + C38∇αRαβ∇γRβγ + C39HαβγR∇γ∇δHαβδ (37)
+C40H
αβγR∇δ∇δHαβγ + C41HαγδRαβ∇δ∇ǫHβγǫ + C42HαβγRβǫγζ∇δ∇ζHαδǫ
+C43Hαβ
δHαβγHǫζι∇δ∇ιHγǫζ + C44HαβδHαβγHγǫζ∇δ∇ιHǫζι + C45Hγδǫ∇αRαβ∇ǫHβγδ
+C46∇αRαβγδ∇ǫRβǫγδ + C47HγδǫRαβ∇ǫ∇βHαγδ + C48∇αHαβγ∇ǫ∇γ∇δHβδǫ
+C49Hα
γδRαβ∇ǫ∇δHβγǫ + C50∇δ∇αHαβγ∇ǫ∇δHβγǫ + C51∇αHαβγ∇ǫ∇δ∇ǫHβγδ
+C52Hα
γδRαβ∇ǫ∇ǫHβγδ + C53∇δ∇αHαβγ∇ǫ∇ǫHβγδ + C54∇αHαβγ∇ǫ∇ǫ∇δHβγδ
+C55H
αβγRβδγǫ∇ζ∇ζHαδǫ + C56HαδǫHαβγHβδζ∇ζ∇ιHγǫι + C57HαβγRβǫγζ∇ζ∇δHαδǫ
+C58Hα
δǫHαβγ∇ζHβδζ∇ιHγǫι + C59HαβδHαβγ∇ǫHγǫζ∇ιHδζ ι + C60HαδǫHαβγ∇ζHβγδ∇ιHǫζι
When metric and B-field are constant, there is no relation between δCs, hence, the minimum
number of couplings between only dilaton is zero. On the other hand, when metric and B-field
are constant, there is no coupling in (36).
The parameters in the field redefinitions that change the action (21) to (33) or (36), are
functions of δC1, · · · , δC705 and some of unfixed parameters bis, cis and dis in (31). In the
above schemes, δCi = gi(C1, · · · , C705) where i is 60 numbers among 1, · · · , 705 depending on
the scheme, and all others are δCj = −Cj . The unfixed parameters bis, cis and dis satisfy the
following relation:
J2 +K2 = 0 (38)
One may ask if there are similar relations as (28) for the residual field redefinitions at order
α′2. To answer this question, we write the above equation in the local frame and then solve
the resulting equations to find some relations between the unfixed parameters bis, cis and dis
and the arbitrary parameters in the total derivative terms, i.e., Jis. Then one can use the
arbitrary parameters Ji to cancel the field redefinitions which involve terms with more than
two derivatives. The resulting field redefinitions which we call them δΦˆ(2), δgˆ
(2)
µν , δBˆ
(2)
µν can then
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be rewritten as∫
dDx
√−ge−2ΦδΦˆ(2) = δS0
δgµν
δg¯(1)µν +
δS0
δBµν
δB¯(1)µν +
δS0
δΦ
δΦ¯(1) +
δS0
δgµν
gµνδΦ¯1
(1)
∫
dDx
√−ge−2Φδgˆ(2)µν =
δS0
δgµν
δΦ¯2
(1)
+
δS0
δgαβ
gαβδg¯1
(1)
µν +
δS0
δgα{µ
δg¯2
(1)
ν}α +
δS0
δgαβ
gαβδg¯3
(1)
µν
+
δS0
δΦ
δg¯4
(1)
µν +
δS0
δBα{µ
δB¯1
(1)
ν}α +
δS0
δBαβ
δB¯2
(1)
αβµν∫
dDx
√−ge−2ΦδBˆ(2)µν =
δS0
δBα[µ
δg¯5
(1)
ν]α +
δS0
δBµν
δΦ¯3
(1)
+
δS0
δΦ
δB¯3
(1)
µν +
δS0
δgαβ
δB¯4
(1)
αβµν (39)
where the tensors δg¯
(1)
µν , · · · δg¯5(1)µν , δB¯(1)µν , · · · , δB¯4(1)αβµν and δΦ¯(1), · · · , δΦ¯3(1) are some specific
functions of R,H,∇Φ and their derivatives at order α′. Using similar steps as in (25) and (26),
and using the residual field redefinitions in (28) and (39), one then can write the variations
that the actions S0, S1, S2 produce at order α
′3, up to some total derivative terms, as
δS0 + δS1 + δS2 =
δS0
δgαβ
δg
(3)
αβ +
δS0
δBαβ
δB
(3)
αβ +
δS0
δΦ
δΦ(3) (40)
where the deformations δg
(3)
µν , δB
(3)
µν , δΦ(3) are arbitrary functions of R,H,∇Φ and their deriva-
tives at order α′3.
It seems similar rewriting as (39) can be done for residual field redefinitions at higher orders
of α′ as well. As a result, the variations of actions S0, · · · , Sn−1 may produce the following
contributions at order α′n:
δS0 + · · ·+ δSn−1 = δS0
δgαβ
δg
(n)
αβ +
δS0
δBαβ
δB
(n)
αβ +
δS0
δΦ
δΦ(n) (41)
where the deformations δg
n)
µν , δB
(n)
µν , δΦ(n) are arbitrary functions of R,H,∇Φ and their deriva-
tives at order α′n. Therefore, as long as one considers fixed couplings at orders α′, · · · , α′n−1,
the contributions of the field redefinitions on the actions S0, · · · , Sn−1 at order α′n are given by
(41). Using high performance computer, it is then straightforward to extend the calculations
in this paper to the order α′n. The minimal couplings may be written in the following scheme:
L′n = L1n + L2n (42)
where L1n contain the minimum number of couplings for metric and B-field, and L2n contains
all other couplings each contains derivative of dilaton.
The minimal independent parameters in (42) for n = 2 which are given in (34) and (35)
or (37) may be calculated by studying in details the S-matrix element of vertex operators in
string theory, or they may be found by the T-duality constraint up to an overall factor. We
leave these calculations for the future works.
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